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In this Letter, we introduce a representation of the electromagnetic field for the analysis and
synthesis of the full-wave scattering by a homogeneous dielectric object of arbitrary shape in terms of
a set of eigenmodes independent of its permittivity. The expansion coefficients are rational functions
of the permittivity. This approach naturally highlights the role of plasmonic and photonic modes in
any scattering process and suggests a straightforward methodology to design the permittivity of the
object to pursue a prescribed tailoring of the scattered field. We discuss in depth the application of
the proposed approach to the analysis and design of the scattering properties of a dielectric sphere.
The advent of metamaterials drove a fundamental
paradigm change in the design of electromagnetic de-
vices: permittivity and permeability are no longer con-
fined to the range of values dictated by the materials
found in nature, but rose to the role of true design pa-
rameters in a spectral range spanning from microwaves
to optical frequencies [1–5]. Nevertheless, the formula-
tions of the Maxwell’s equations currently used for the
analysis and design of electromagnetic scattering pro-
cesses did not adjust to this paradigm shift and have
remained substantially unaltered for decades, with the
exceptions of transformation optics [1, 2]. In fact, in
most of the approaches used for solving the Maxwell’s
equations the contributions of the material parameters
and of the geometry are mathematically intertwined and
cannot be separated. Therefore, the design of a material
to achieve assigned constraints on the scattered electro-
magnetic field is very complicated. For instance, in the
Mie theory, which provides an analytical description of
the interaction of the electromagnetic field with a sphere
[6, 7], the permittivity and the sphere’s radius both ap-
pear in the argument of the vector spherical wave func-
tions, and, as a consequence, the Mie expansion coef-
ficients are complicated functions of their combination.
Only recently, has this problem been addressed in the
case of scalar Mie scattering by Markel [8].
In this Rapid Communication, by using spectral meth-
ods, we derive an approach for the analysis and synthesis
of the electromagnetic scattering from a dielectric object
of arbitrary shape that gives prominence to the material
properties, by distinctly separating the role they have in
the scattering processes from the role played by the ge-
ometry. In particular, we reduce the vector scattering
problem to an algebraic form by introducing an auxiliary
eigenvalue problem.
Our approach naturally leads to that developed in
Refs. [9–11] in the quasi-static limit, and to that pro-
posed by Markel [8] in the case of scalar Mie scattering.
An analogous approach has been introduced in Ref. [12],
even though it was only applied to isolated and interact-
ing spheres in the limit of small particle radii compared
to the wavelength. Very recently it has also been used
in a one-dimensional case to describe the full-wave elec-
tromagnetic response of a flat-slab composite structure
[13].
Then, we demonstrate that the design of metamateri-
als can be greatly simplified by expressing the scattered
electromagnetic field in terms of material-independent
eigenmodes, exploiting the fact that the expansion coef-
ficients are a rational function of the permittivity. As an
example, we analytically investigate the spectral prop-
erties of the electromagnetic scattering from a sphere,
showing the universal loci described by the eigenvalues as
a function of the sphere’s size parameter, systematizing
within this framework the properties of plasmonic and
photonic modes. Then, we design the permittivity of the
sphere to have vanishing backscattering. In the case of
an arbitrarily shaped object, the evaluation of the eigen-
values and the corresponding eigenmodes can be carried
out by using standard numerical tools.
Let us consider the electromagnetic scattering by an
object occupying a regular region Ω with boundary ∂Ω.
The object is excited by a time harmonic electromag-
netic field incoming from infinity Re
{
Ei (r) e
−iωt
}
. The
medium is a non-magnetic isotropic homogeneous dielec-
tric with relative permittivity εR (ω), surrounded by vac-
uum. Let E+S and E
−
S be the scattered electric fields in
Ω and R3\Ω¯, respectively. The Maxwell’s equations lead
to
∇
2
E
+
S + k
2
0εR (ω)E
+
S = k
2
0 [1− εR (ω)]Ei inΩ, (1)
∇
2
E
−
S + k
2
0E
−
S = 0 inR
3\Ω¯, (2)
nˆ× (E−S −E+S ) = 0 on ∂Ω, (3)
nˆ× (∇×E−S −∇×E+S ) = 0 on ∂Ω, (4)
where k0 = ω/c0, c0 is the light velocity in vacuum and
nˆ is the outgoing normal to ∂Ω. Equations 1-4 have
to be solved with the radiation conditions, namely the
regularity and Silver-Mu¨ller conditions at infinity [14].
This problem has a unique solution if Im {εR} > 0 [15].
Aiming at the reduction of the scattering problem to
an algebraic form, we introduce the following auxiliary
2eigenvalue problem
− k−20 ∇2C = γC in Ω, (5)
nˆ×∇×C = Ce {nˆ×C} in ∂Ω, (6)
where γ is the eigenvalue. We introduced the exterior
outgoing Caldero´n operator Ce [15] that takes the tan-
gential component of the scattered electric field on ∂Ω,
i.e. nˆ×E−S
∣∣
∂Ω
, where E−S is solution of the scattering
problem, and returns the tangential component of its curl
nˆ×∇× E−S
∣∣
∂Ω
:
Ce { nˆ×E−S ∣∣∂Ω} = nˆ×∇× E−S ∣∣∂Ω . (7)
The Caldero´n operator only depends on the geometry of
∂Ω. Since the operator −∇2 in Ω with the boundary
condition 6 is compact, its spectrum {γr}r∈N is count-
ably infinite. This fact is a consequence of the radiation
conditions, which are implicitly accounted for by the ex-
terior Caldero´n operator.
In this case, the operator −∇2 is not Hermitian (even
though symmetric), thus its eigenvalues are complex with
Im {γr} < 0. The eigenmodes Cr and Cs corresponding
to different eigenvalues γr and γs are not orthogonal in
the usual sense, i.e. 〈C∗r ,Cs〉Ω 6= 0, where
〈A,B〉V =
˚
V
A ·B dV. (8)
Nevertheless, by introducing its dual operator [14] it can
be proved that
〈Cr,Cs〉Ω = 0 γr 6= γs, (9)
and
γr =
1
‖Cr‖2Ω
[
‖∇×Cr‖2R3
k20
− ‖Cr‖2R3\Ω¯ − i
"
S∞
|Cr|2
k0
dS
]
(10)
where ‖A‖2V = 〈A∗,A〉V . The eigenmodes Cr are ex-
tended in R3 by requiring that they satisfy Eq. 2, the
boundary conditions 3-4 and the radiation conditions at
infinity. Although the property 9 is shared with the so
called quasi normal modes (QNMs) [16], they are fun-
damentally different [14]. Contrarily to the introduced
modes, the QNMs depend on the permittivity of the ob-
ject and diverge at infinity [17].
Equation 10 suggests that Re {γr} does not have a def-
inite sign, while Im {γr} is strictly negative. In partic-
ular, Im {γr} is proportional to the contribution of the
corresponding mode to the power radiated to infinity, ac-
counting for its radiative losses.
In the presence of an arbitrary external excitation Ei,
the solution of the scattering problem is
E
+
S = (1− εR)
∞∑
r=1
1
εR − γr
〈Cr,Ei〉Ω
〈Cr,Cr〉ΩCr (11)
The eigenvalues γr and the eigenfunctions Cr are per-
mittivity independent, and they only depend on the ge-
ometry of the dielectric object. The permittivity appears
in the multiplicative factors only as 1/ (εR − γr).
From now on, we assume that the region Ω is a sphere
of radius R, with size parameter x = 2piR/λ, where λ
is the wavelength. The set of eigenvalues {γr}r∈N is the
union of {αnl}(n,l)∈N2 and {βnl}(n,l)∈N2 being αnl (re-
spectively βnl) the l-th root of the power series Pn (re-
spectively Qn) [14]:
Pn (α) =
∞∑
h=0
pnh (α− 1)h , Qn (β) =
∞∑
h=0
qnh (β − 1)h ,
(12)
where the coefficients pnh (x) and qnh (x) are defined for
any given n, h ≥ 1, and x as follows:
pn0 = qn0 = h
(1)
n+1 (x) jn (x)− h(1)n (x) jn+1 (x) ,
qnh = − (−1)
h−1
(h− 1)!
(x
2
)h−1 [
h(1)n (x) jn+h (x)
]
+
(−1)h
h!
(x
2
)h [
h
(1)
n+1 (x) jn+h (x) − h(1)n (x) jn+h+1 (x)
]
,
pnh = qnh − (−1)
h−1
(h− 1)!
(x
2
)h−1 [xh(1)n (x)]′
x
jn+h−1 (x) ,
where jn and hn are the spherical Bessel and Hankel
functions of the first kind, respectively. The eigenspace
corresponding to the eigenvalue αnl is spanned by the
eigenmodes N
(1)
e
omn
(√
αnlk0r
)
with m ∈ N0, which fea-
ture zero radial magnetic field. Therefore, they are de-
noted as electric type modes. Dual reasoning leads us to
call the eigenmodesM
(1)
e
omn
(√
βnlk0r
)
associated with the
eigenvalues βnl magnetic type modes. The radial mode
number l gives the number of maxima along rˆ inside the
sphere. The functions N
(1)
e
omn
and M
(1)
e
omn
are the vector
spherical wave functions (VSWFs) regular at the origin
[14] and the subscripts e and o denote even and odd az-
imuthal dependence.
The solution of the electromagnetic scattering problem
is:
E
+
S (r) = (εR − 1)
∑
mnl
(
Bemnl
βnl − εRM
(1)
emn
(√
βnl k0r
)
+
Bomnl
βnl − εRM
(1)
omn
(√
βnl k0r
)
+
Aemnl
αnl − εRN
(1)
emn (
√
αnl k0r)+
Aomnl
αnl − εRN
(1)
omn (
√
αnl k0r)
)
,
(13)
3where
∑
nml
=
∞∑
n=1
n∑
m=0
∞∑
l=1
, and
Ae
omnl
=
〈N(1)e
omn
(√
αnl k0r
)
,Ei〉Ω
〈N(1)e
omn
(√
αnl k0r
)
,N
(1)
e
omn
(√
αnl k0r
)〉Ω ,
Be
omnl
=
〈M(1)e
omn
(√
βnl k0r
)
,Ei〉Ω
〈M(1)e
omn
(√
βnl k0r
)
,M
(1)
e
omn
(√
βnl k0r
)〉Ω .
(14)
The coefficients introduced in Eq. 14 feature an ana-
lytical expression in the case of an incident plane wave,
reported in the supplemental material [14].
In passive materials where Im {εR} ≥ 0, the quan-
tities |αnl − εR| and |βnl − εR| do not vanish as ω
varies because Im {αnl} < 0 and Im {βnl} < 0. Nev-
ertheless, the mode amplitudes Ae
omnl
/(αnl − εR) and
Be
omnl
/(βnl − εR) reach their maximum whenever:
|εR (ω)− αnl (x)| = min
x,ω
; |εR (ω)− βnl (x)| = min
x,ω
,
(15)
respectively. These are the resonant conditions.
Since αnl and βnl are independent of the sphere’s per-
mittivity, we exhaustively summarize their behavior by
the loci they span in the complex plane by varying the
size parameter x. The resulting diagrams are universal,
being valid for every conceivable homogeneous sphere.
The loci belong to the half-plane Im {γr} < 0 (see Eq. 10)
because of the radiation condition at infinity. The real
part of γr can assume in general both positive and nega-
tive values. When it is negative the resonant condition 15
is verified by metals at optical frequencies (Re {εR} < 0),
giving rise to plasmon oscillations (e.g. Ref. [11]). When
it is positive the resonant condition 15 is verified by
dielectrics (Re {εR} ≥ 0), giving rise to photonic reso-
nances.
In practice, we plot them by finding the roots of the two
polynomials obtained by truncating the power series in
Eq. 12 to hmax = 50. First, we investigate the eigenvalue
α11. The spatial distribution of the corresponding eigen-
modes N
(1)
e
om1
(√
αnlk0r
)
suggests the dipole character of
this mode [14]. In Fig. 1 (a) we plot the locus spanned
by α11. First, we note that for x≪ 1 the eigenvalue α11
approaches the value −2, in accordance with the Fro¨hlich
condition [18]. This is consistent with Eq. 10 that shows
that Re {γn} < 0 in the quasi-electrostatic limit where
∇ × Cn ≈ 0. By increasing x, both the real and the
imaginary part of α11 move toward more negative val-
ues. For Drude metals with low losses, this fact implies
the red shift of the corresponding resonant frequency [19].
When x ≈ 0.72 the quantity Re {α11} reaches a mini-
mum and then starts increasing. For larger x, α11 lies in
fourth quadrant of the complex plane. Then, Re {α11}
increases until x ≈ 2 where it reaches the maximum value
FIG. 1. Universal loci spanned in the complex plane by the
eigenvalues αnl of the electric-type eigenmodes of a dielectric
sphere by varying its size parameter x ∈ [0.01, 100]. We show
the eigenvalues of the fundamental (a) and higher order dipole
modes (b), fundamental (c) and higher order (d) quadrupole
modes, fundamental (e) and higher order (f) octupole modes.
The panels (a,c,e) are in linear scale. The panels (b,d,f) are
in semilog scale.
of 0.48, then α11 asymptotically approaches the origin of
the complex plane. Figure 1 (a) sets specific constraints
on the permittivity that a homogeneous sphere should
have to exhibit the fundamental dipole resonance. In par-
ticular, in the limit of low-losses its permittivity should
satisfy the constraint −3 ≤ Re {εR} ≤ 0.48.
The loci spanned by higher order electric dipole modes
α1l with l = 2, 3, 4, 5, shown in Fig. 1 (b), manifest a
very different nature. First, α1l always lies in the fourth
quadrant of the complex plane irrespectively of the mode
order l ≥ 2. Moreover, for x → 0 the real part of α1l →
∞, while Im {α1l} approaches zero. This fact means that
for x≪ 1 these modes cannot be practically excited. By
increasing x, the value Re {α1l} moves toward smaller
values, while the imaginary part decreases and reaches a
minimum. Eventually, α1l approaches the origin of the
complex plane for very high values of x.
In Figs. 1 (c) and (e) we plot the loci spanned by α21
and α31 of the fundamental (l = 1) electric quadrupole
and octupole eigenmodes. In this case for x → 0 the
eigenvalues α21 and α31 approach respectively the val-
ues −1.5 and −1.33, which agree with the quasi-static
4FIG. 2. Universal loci spanned in the complex plane by the
eigenvalues βnl of the magnetic-type eigenmodes of a dielec-
tric sphere by varying its size parameter x ∈ [0.01, 100]. We
show the eigenvalues of the fundamental (a) and higher or-
der (b) dipole modes, fundamental (c) and higher order (d)
quadrupole modes, fundamental (e) and higher order (f) oc-
tupole modes. The panels (a,c,e) are in linear scale. The
panels (b,d,f) are in semilog scale.
approximation [10, 11]. In Figs. 1 (d) and (f) we show
the loci of higher order quadrupole and octupole modes
which display a behavior similar to higher order dipole
modes.
Let us now consider the eigenvalues βnl of the
magnetic-type eigenmodes. The eigenvalues of both the
fundamental magnetic-type eigenmodes, i.e. βn1 shown
in Fig. 2 (a,c,e) for n = 1, 2, 3, and higher order mag-
netic eigenmodes, i.e. βnl shown in Fig. 2 (b,d,f) for
l = 2, 3, 4, 5, exhibit the same behavior of the eigenvalue
of higher order electric modes. In particular, in the limit
for x→ 0 the quantity Re {βn1} diverges. Therefore, the
fundamental magnetic eigenmodes cannot be practically
excited in the electrostatic limit, consistently with Refs.
[10, 11].
In conclusion, the only eigenmodes that can be reso-
nantly excited in a metal sphere with Re {εR} < 0 re-
gardless of x are the fundamental electric ones. More-
over, only these modes have their loci confined in a lim-
ited region of the complex plane and are excitable in the
electrostatic limit. We thus identify them with the plas-
monicmodes, generalizing to the electrodynamic case the
FIG. 3. (a) Scattering efficiency σsca of a dielectric sphere
with size parameter x = 2pi excited by a linearly polarized
plane wave, as a function of εR ∈ [−4, 6] calculated using Eq.
16 assuming lmax = 3 and lmax = 6 and with the standard
Mie theory. In all the calculations we have assumed nmax =
10. (b) Squared magnitude of the radiation pattern for φ = 0
as a function of the angle θ for the sphere designed to have a
vanishing back-scattering.
definition given in Ref. [10]. Conversely, we call the re-
maining eigenmodes photonic modes because they cannot
be excited at low frequency. The photonic modes are re-
sponsible for the ripple structure that can be observed in
the extinction of large weakly absorbing spheres [20].
On the basis of the proposed modal expansion, we now
calculate the scattering efficiency σsca of a sphere [20],
when it is excited by a linearly polarized plane wave:
σsca = 2
(εR − 1)2
x2
∞∑
n=1
(2n+ 1)(
h
(1)
n (x)
)2×


∣∣∣∣∣
∞∑
l=1
√
αnl jn
(√
αnlx
)
Anl
αnl − εR
∣∣∣∣∣
2
+
∣∣∣∣∣
∞∑
l=1
jn
(√
βnlx
)
Bnl
βnl − εR
∣∣∣∣∣
2


(16)
where:
Anl =
〈N(1)e1n
(√
αnlk0r
)
,N
(1)
e1n (k0r)〉Ω
〈N(1)e1n
(√
αnlk0r
)
,N
(1)
e1n
(√
αnlk0r
)〉Ω ,
Bnl =
〈M(1)o1n
(√
βnlk0r
)
,M
(1)
o1n (k0r)〉Ω
〈M(1)o1n
(√
βnlk0r
)
,M
(1)
o1n
(√
βnlk0r
)〉Ω ,
(17)
(see the supplemental material for the corresponding an-
alytical expressions). Specifically, in Fig. 3 (a) we plot
σsca for x = 2pi as a function of εR, calculated by trun-
cating the exterior sum of Eq. 16 to nmax = 10, and
the inner sum to lmax = 3 (blue line) and to lmax = 6
(red line). We compare them with the standard Mie so-
lution calculated assuming the same value of nmax. Al-
though for lmax = 3 it is apparent that there is a moder-
ate disagreement with the Mie theory, for lmax = 6 the
outcomes of the two approaches become almost indistin-
guishable. Differently from the Mie theory, our method
allows one to directly associate each peak to the modes
that have generated it.
5Now, let us put our material-independent modal de-
composition to practical use. Suppose we want to cancel
the backscattering of a homogeneous sphere of a given
size parameter by designing its permittivity. We as-
sume that the sphere has radius R = λ, i.e. x = 2pi,
and is excited by a x-polarized plane wave of unit in-
tensity, propagating along the z-axis. The answer to
this question is straightforward by using the developed
approach and only requires one to find the roots of a
polynomial equation. The radiation pattern is defined as
E
∞
S (θ, φ, εR) = lim
r→∞
[
re−ik0rE−S
]
, where θ and φ are the
polar and azimuthal angles, respectively. Due to sym-
metry considerations the only non-vanishing component
of the radiation pattern in the backscattering direction
(θ = pi) is E∞S · iθ. Therefore, our task is to find the zeros
of E∞S · iθ as a function of εR, where E∞S · iθ is expressed
as [14]:
E
∞
S · iθ =
εR − 1
k0
∞∑
n=1
∞∑
l=1
{
δnl (x, θ, φ)
βnl (x)− εR +
γnl (x, θ, φ)
αnl (x)− εR
}
(18)
where
γnl (x, θ, φ) = −iEn
√
αnl jn
(√
αnlx
)
h
(1)
n (x)
AnlN
(∞)
e1n (θ, φ) · iθ,
δnl (x, θ, φ) = En
jn
(√
βnlx
)
h
(1)
n (x)
BnlM
(∞)
o1n (θ, φ) · iθ,
En = i
n (2n+ 1) / [n (n+ 1)], Anl and Bnl are de-
fined in Eq. 17, M
(∞)
o1n = lim
r→∞
[
k0re
−ik0rM
(3)
o1n
]
,
N
(∞)
e1n = lim
r→∞
[
k0re
−ik0rN
(3)
e1n
]
, and the functions N
(3)
e
omn
and M
(3)
e
omn
are the radiative VSWFs. We set x = 2pi,
θ = pi and φ = 0 in the expression 18 truncated with
nmax = 10 and lmax = 8. Then, we put all the
terms in the sum of Eq. 4 over a common denomina-
tor, obtaining in this way a rational function and we
zero the resulting numerator, which is a polynomial in
εR. Among the different solutions, we chose the only one
that is physically realizable by a passive material, i.e.
εR = −2.2746969 + 0.0818799i. To validate this result,
we plot in Fig. 3 (b) the squared magnitude of the radia-
tion pattern, i.e. the differential scattering cross section,
of the designed sphere as a function of the angle θ for
φ = 0 computed by using the standard Mie theory with
nmax = 10. We achieved a ratio between the back- and
the forward- scattered power of -53dB. It is worth noting
that the achieved backscattering suppression cannot be
attributed to known interference conditions such as the
Kerker conditions [21, 22], but originates from a com-
plex interplay of many electric and magnetic scattering
orders, which are significant up to n = 9.
This method can be also used to design the permittiv-
ity of the sphere to pursue many different goals, including
zeroing or focusing a given field component in an arbi-
trary point of space inside or outside the volume Ω, in
the near or in the far zone. These objectives can be all
easily achieved by zeroing a polynomial. Finally, we note
that the proposed method leads to a high computational
burden when x ≫ 1 because many modes have to be
considered to accurately describe the field.
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